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For B ∈ F (X) and λ ∈ [0, 1] , the set (B) λ = {x ∈ X : B(x) ≥ λ} is called a λ-cut set of B. Let T : X → F (X) be a closed fuzzy mapping satisfying the following condition: Condition ( * ). If there exists a function a : X → [0, 1] such that for each x ∈ X , the set (T x ) a(x) = {y ∈ X : T x (y) ≥ a(x)} is a nonempty bounded subset of X . Remark 1.1. Let X be a normed vector space. If T is a closed fuzzy mapping satisfying the condition ( * ), then for each x ∈ X , the set (T x ) a(x) belongs to the collection CB(X ) of all nonempty closed and bounded subsets of X . In fact, let {y α } ⊂ (T x ) a(x) be a net and y α → y 0 ∈ X , then (T x )(y α ) ≥ a(x) for each α. Since T is closed, we have
which implies that y 0 ∈ (T x ) a(x) and so (T x ) a(x) ∈ CB(X ).
Let J : X → 2 X * be the normalized duality mapping defined by
·, · is the dual pairing between X and its dual X * .
If X * is uniformly convex, then J is single-valued and uniformly continuous on a bounded subset of X . We denote a singlevalued normalized duality mapping by j.
Let X be a real Banach space. Let T , F , E and P : X → F (X) be closed fuzzy mappings satisfying the condition ( * ) with functions a, b, c and e : X → [0, 1], respectively, and G, g : X → X be surjective single-valued mappings. Let A : X ×X → 2 X be an m-accretive mapping with respect to the first argument. For a given nonlinear mapping N : X × X → X , we consider a problem of finding x, u, v, w, q ∈ X such that
(1.1)
Problem (1.1) is called a fuzzy nonlinear variational inclusion. Problem (1.1) includes many types of variational inclusions, variational inequalities and complementarity problems for fuzzy mappings [1, [5] [6] [7] 12] .
Putting a(x) = b(x) = c(x) = e(x) = 1 for all x ∈ X , problem (1.1) includes many kinds of variational inclusions, variational inequalities and complementarity problems [16] [17] [18] [19] [20] [21] .
(i) A is said to be accretive if for any x, y ∈ D(A), u ∈ A(x), v ∈ A(y) there exists a j(x − y) ∈ J(x − y) such that Definition 1.3. Let T : X → F (X) be a closed fuzzy mapping satisfying the condition ( * ) with a function a : X → [0, 1]. T is said to be ξ -Lipschitz continuous if for any x, y ∈ X
where ξ > 0 is a constant and H is the Hausdorff metric on CB(X ). Definition 1.4. Let X be a real Banach space and g : X → X a single-valued mapping;
(i) g is said to be accretive if
(ii) g is said to be γ -strongly accretive if there exists a constant γ > 0 such that
Related to the fuzzy nonlinear variational inclusion problem (1.1) we consider the following fuzzy resolvent operator equation problem:
where η > 0 is a constant and R A(·,q) = (I − J A(·,q) ).
The following known lemma plays an important role in proving our main results. Lemma 1.1 ([14,15] ). Let X be a real Banach space and J : X → 2 X * be the normalized duality mapping. Then for any x, y ∈ X
Main results
Now we establish the equivalence between fuzzy nonlinear set-valued variational inclusions and fuzzy resolvent operator equation problem. Theorem 2.1. Let X be a Banach space. Assume that T , F , E, P : X → F (X) are fuzzy mappings satisfying the condition ( * ), with functions a, bc and e : X → [0, 1], respectively. Let G, g : X → X and N : X × X → X be single-valued mappings. Then the followings are equivalent:
, is a solution of the following equation
, is a solution of (1.1). We now invoke Lemma 1.1 and (2.3) to suggest the following algorithm for solving problem (1.1) in Banach spaces.
Algorithm 2.1. We assume that g is surjective. For any given
Since g is surjective, there exists x 1 ∈ X such that g(x 1 ) = J A(·,q 0 ) (z 1 ).
On the other hand, by Nadler [23] , there exist
Again by the surjectivity of g, there exists x 2 ∈ X such that
Continuing this process, we obtain sequences {x n }, {u n }, {v n }, {w n }, {q n } and {z n } in X such that for all n ≥ 0,
(2.5)
Now we consider our main result.
Theorem 2.2. Let X be a real Banach space. Let T , F , E and P : X → F (X) be closed fuzzy mappings satisfying the condition ( * ) with functions a, b, c and e : X → [0, 1], respectively. Let N : X × X → X be continuous, G, g : X → X surjective and A : X × X → 2 X m-accretive with respect to the first argument.
Suppose that the following conditions hold;
(i) g is β-Lipschitz continuous and γ -strongly accretive, 0 < β < 1, γ ∈ (0, 1) \ { 1 2 }, (ii) T , F , E and P are Lipschitz continuous with their Lipschitz constants ξ , α, ζ and σ , respectively, (iii) G is -Lipschitz continuous, (iv) for any given y ∈ X , a mapping x → N(x, y) is λ-Lipschitz continuous, (v) for any given x ∈ X , a mapping y → N(x, y) is µ-Lipschitz continuous. 
If the following conditions
(a) J A(·,x) (z) − J A(·,y) (z) ≤ κ x − y , for x, y, z ∈ X , κ > 0, (2.6) (b) 1 −1 + 2γ c + c 2 + 4β 2 2 + 2κσ 2 1 2 < 1 (2.7) for t = 2 ζ 2 + λ 2 ξ 2 + µ 2 α 2 + 2λξ µα > 0 and c = 2 √ 2ηt are satisfied, then there exist x, z ∈ X , u ∈ (T x ) a(x) , v ∈ (F x ) b(x) , w ∈ (E x ) c(x) , q ∈ (P x ) e(xN(u n , v n ) − N(u n−1 , v n−1 ) ≤ λ u n − u n−1 + µ v n − v n−1 ≤ λ 1 + 1 n H (T x n ) a(x n ) , (T x n−1 ) a(x n−1 ) + µ 1 + 1 n H (F x n ) b(x n ) , (F x n−1 ) b(x n−1 ) ≤ λξ 1 + 1 n x n − x n−1 + µα 1 + 1 n x n − x n−1 ≤ (λξ + µα) 1 + 1 n x n − x n−1 , (2.8) w n − w n−1 ≤ 1 + 1 n H (E x n ) c(x n ) , (E x n−1 ) c(x n−1 ) ≤ ζ 1 + 1 n x n − x n−1 ,(2.
9)
q n − q n−1 ≤ 1 + 1 n H (P x n ) e(x n ) , (P x n−1 ) e(x n−1 )
(2.10)
From (2.4) by Lemma 1.1, for any j(z n+1 − z n ) ∈ J(z n+1 − z n ) we have
On the other hand, since
by (2.8), (2.9) and the -Lipschitz continuity of G,
(2.12) From (2.11) and (2.12), we get
On the other hand, since g is γ -strongly accretive, by Lemma 1.1, from (2.5) for any j(x n − x n−1 ) ∈ J(x n − x n−1 ),
On the other hand, from (2.6) and (2.10) by Proposition 1.1, we obtain
(2.15) From (2.14) and (2.15) , we obtain
Thus, from (2.13)
Finally, we have
Obviously θ n → θ as n → ∞. It is easy to prove that condition (2.7) implies that 0 < θ < 1 and so 0 < θ n < 1 for sufficiently large n. It follows from (2.16) that {x n } is a Cauchy sequence and then from (2.13) that {z n } is also a Cauchy sequence. Let x n → x and z n → z. By condition (ii), it follows from (2.8)-(2.10) that {u n }, {v n }, {w n } and {q n } are also Cauchy sequences. Let u n → u, v n → v, w n → w, q n → q (as n → ∞), then by (2.4) and (2.5) we have z n+1 = g(x n ) − η(G(w n ) − N(u n , v n )) = J A(·,q n−1 ) (z n ) − η(G(w n ) − N(u n , v n )). By the continuities of g and G from (2.6), letting n → ∞ in the above expression to obtain z = g(x) − η(G(w) − N(u, v)) = J A(·,q) (z) − η(G(w) − N(u, v)). Finally, we prove that u ∈ (T x ) a(x) , v ∈ (F x ) b(x) , w ∈ (E x ) c(x) , q ∈ (P x ) e(x) . Since u n ∈ (T x n ) a(x n ) , we have dist(u, (T x ) a(x) ) ≤ u − u n + dist(u n , (T x ) a(x) ) ≤ u − u n + dist(u n , (T x n ) a(x n ) ) + H((T x n ) a(x n ) , (T x ) a(x) ) ≤ u − u n + 0 + ξ x n − x → 0 as n → ∞, which shows that u ∈ (T x ) a(x) due to the closedness of (T x ) a(x) .
In similar ways, we also can prove that v ∈ (F x ) b(x) , w ∈ (E x ) c(x) and q ∈ (P x ) e(x) , which imply that (x, z, u, v, w, q) is a solution of fuzzy resolvent operator equation problem (1.2). Hence by Theorem 2.1 (x, u, v, w, q) is a solution of fuzzy nonlinear variational inclusion problem (1.1), and the iterative sequences {x n }, {u n }, {v n }, {w n } and {q n } generated by Algorithm 2.1, converge strongly x, u, v, w and q in X , respectively. Remark 2.1. Our result improves and generalizes many results in [1, [5] [6] [7] 12] .
